The component-mode synthesis method is applied to investigate the seismic response of secondary subsystems multiconnected to primary structures with irregularities. The proposed approach is more accurate than the cascade approximation, which is often used in the design practice, as the primary-secondary dynamic interaction is considered through the modes of vibration of the two components. The results of parametric analyses on a representative case study reveal similar trends in the displacements of the two components for mass irregularities in elevation, while stiffness irregularities in plan can result in significant torsional motion in both components, with the effects in terms of absolute accelerations being in general larger than those associated with the lateral drifts. This suggests that dynamic analyses with the component-mode synthesis method are particularly indicated for the seismic assessment of acceleration-sensitive secondary subsystems. Notation c, c S , c P , c SP and c PP reduced damping matrices in modal subspace e eccentricity g reduced influence vector of seismic incidence I r r-dimensional identity matrix K, K P , K S , K SP , K PP full stiffness matrices k, k PP reduced stiffness matrices M, M P , M S full mass matrices m, m PP , m SP reduced mass matrices m, m P , m S number of modal coordinates n, n P , n S number of degrees of freedom (DoF) O rÂs r Â s zero matrix p P , p S , p PP arrays of modal participation factors q(t), q P (t), q S (t) arrays collecting modal coordinates T P , T S periods of vibration u(t), u P (t), u S (t) arrays collecting DoF u g ðtÞ ground acceleration α M , α K proportionality coefficients for mass and stiffness in Rayleigh damping model Γ modal transformation matrices ζ P , ζ S viscous damping ratios κ eccentricity ratio μ, μ i mass ratios ρ radius of gyration of floor plan τ, τ P , τ S vectors of seismic incidence Φ, Φ P , Φ S modal matrices Ψ SP primary-secondary modal coupling matrix Ω, Ω P , Ω S diagonal spectral matrices ω I , ω II circular frequencies assumed for average viscous damping ratios in Rayleigh damping model
Introduction
In the context of earthquake engineering, secondary (S) subsystems are components or contents of a building that are not part of the primary (P) load-bearing structure. Examples include partition walls, cladding and mechanical, plumbing, electrical and auxiliary equipment, which can be modelled as single-or multi-degree-of-freedom dynamic systems, either linear or non-linear, singly or multiply connected to the P structure. Their seismic analysis and design is a topic of broad engineering interest because damage to the S components can cause injury or death, as well as interruption of services, which in turn can lead to further human and economic losses (Villaverde, 2009) . S subsystems can be highly sensitive to accelerations and inter-storey drifts, and their seismic performance is influenced by the primary-secondary (P-S) dynamic interaction, which in many situations needs to be accounted for (Muscolino and Palmeri, 2013) .
The dynamic response of building structures to earthquakes is affected by irregularities in their arrangement, which typically arise from architectural, functional or accidental requirements (e.g. usage variations, inconsistencies in the construction process, damage etc.), either in plan (i.e. asymmetric distributions of mass, stiffness and strength) or in elevation (e.g. due to discontinuities in structural elements or variations in occupancy). In fact, irregular buildings tend to exhibit complicated modes of vibration (Shahrooz and Moehle, 1990; Wood, 1992) , for example with concentrated deformations in soft storeys or large torsional effects. As a result, they often suffer higher levels of damage than regular structures. This has prompted the imposition of restrictions on various aspects of seismic design in modern building codes, with implications on structural modelling, allowed methods of analysis and behaviour factors. (BIS, 2002; ICBO, 1997; NBCC, 2010) of the mass of an adjacent storey (however, a roof significantly lighter than the floor below would not be considered as an irregularity). Furthermore, with respect to lateral stiffness, Eurocode 8 requires a regular structure to be approximately symmetrical in plan in two orthogonal axes, with prescriptive limits given on the structural eccentricity orthogonal to the direction of the analysis.
Alongside the development of the above code requirements, several studies have been carried out to examine the seismic response of building structures with irregularities. Valmundsson and Nau (1997) highlighted some inconsistencies in the mass, stiffness and strength criteria of regularity set out by the Uniform Building Code (UBC) (ICBO, 1997). Das and Nau (2003) studied the effects of vertical irregularity for both mass and stiffness, suggesting that the UBC restrictions might be too conservative. Choi (2004) evaluated the seismic response of multi-storey frames and showed that the most severe cause of irregularity was when a change in mass happens at the uppermost floors. Aydin (2007) suggested that the results of an equivalent lateral force procedure tend to overestimate those of time history analyses, independently of the degree of irregularity. More recently, Varadharajan et al. (2014) proposed a single parameter to quantify an irregularity in terms of both magnitude and location, while design code quantification classifies irregularity on the basis of magnitude only.
Tezcan and Alhan (2001) investigated torsionally irregular multi-storey structures by varying the location of shear walls and comparing the equivalent lateral force with dynamic analyses. Ozmen (2004) examined the conditions that cause large torsional effects, while Kumar et al. (2012) quantified the performance of symmetric and asymmetric buildings via pushover analyses. Lavan and De Stefano (2013) and Gokdemir et al. (2013) have recently studied the torsional effects induced by the non-coincidence of the centres of mass and stiffness on the seismic performance of frame structures.
All the studies cited focus on the response analysis of irregular P structures, without addressing the effects on any S subsystem. However, given their key role in ensuring the serviceability of buildings and the current shift towards performance-based earthquake engineering (fib, 2012) , an accurate estimation of the consequences that structural irregularities may have on non-structural components appears to be of key importance.
Motivated by these considerations, the results of a parametric study are presented in this paper. A convenient variant of the component-mode synthesis method (CMS) (Biondi and Muscolino, 2000; Hurty, 1960 ) is used to quantify the seismic response of an S subsystem multi-connected to a three-dimensional P multi-storey moment-resisting frame, with irregularities in terms of both mass distribution in elevation and lateral stiffness in plan. The results of the numerical analyses allow the identification of various trends in terms of relative displacements and absolute accelerations for both types of irregularities, and highlight the need for future research.
Combined P-S system vibration via a component-mode synthesis method (CMS)
2.1 Undamped vibration Consider the case of an S subsystem with n S degrees of freedom (DoF) multiply connected to a P structure with n P DoF. Within the linear-elastic range, the undamped seismic motion is ruled by
1:
MÁüðtÞ þ KÁuðtÞ ¼ ÀMÁτü g ðtÞ where, following the CMS formulation by Biondi and Muscolino (2000) , is the partitioned array collecting the n DoF (n = n S + n P ) of the combined dynamic system, in which u S ðtÞ ¼ fu S;1 ðtÞ; . . . ; u S;nS ðtÞg`and u P ðtÞ ¼ fu P;1 ðtÞ; . . . ; u P;nP ðtÞg`are arrays listing the DoF of the S and P components, respectively, and superscript`represents the transpose operator;
is the partitioned array of seismic incidence;ü g ðtÞ is the ground acceleration and M and K are the matrices of mass and elastic stiffness, respectively, which can be partitioned as 2a:
2b:
where {M S , K S } and {M P , K P } are the two pairs of mass and stiffness matrices of the S and P subsystems, individually
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Seismic response of subsystems in irregular buildings Kasinos, Palmeri and Lombardo considered, in which the P structure is assumed to be fixed to the ground, while the S subsystem is also fixed to the support points on P; O rÂs denotes a zero matrix with r rows and s columns; K SP and K PP represent the coupling stiffness of the two subsystems and the additional stiffness in the P substructure due to the presence of the S subsystem, respectively, whose elements only depend on the stiffness of the links used to connect the P and S components.
2.2
Modal coordinate transformation The number of DoF in the dynamic analysis can significantly be reduced by projecting the differential equations of motion onto the modal subspaces. This requires the following n Â m transformation of coordinates (Biondi and Muscolino, 2000) 3:
uðtÞ ¼ ΓÁqðtÞ in which is the m-dimensional array (m = m S + m P ) collecting the modal coordinates of the P-S system, where those of the S subsystem, listed in the array q S ðtÞ ¼ fq S;1 ðtÞ; . . . ; q S;mS ðtÞg`, precede those of the P structure, q P ðtÞ ¼ fq P;1 ðtÞ; . . . ; q P;mP ðtÞg`; and Γ is a transformation matrix, conveniently assembled as
4:
where Φ S ¼ ½ϕ S;1 . . . ϕ S;mS and Φ P ¼ ½ϕ P;1 . . . ϕ P;mP are the n S Â m S and n P Â m P modal matrices for the S and P subsystems, respectively, and Ψ SP ¼ ½ψ SP;1 . . . ψ SP;mS is the n S Â m P coupling matrix.
The two modal matrices can be obtained by solving two independent real-valued eigenproblems (Muscolino and Palmeri, 2007) 5a:
with the orthonormal conditions ΦS ÁM S ÁΦ S ¼ I mS and
, Ω S and Ω P are the diagonal spectral matrices, listing the modal circular frequencies of S and P, respectively, and I r stands for the identity matrix of size r.
The coupling matrix can be obtained by solving the matrix equation
into Equation 1 and pre-multiplying the result by Γ`, the equation of motion in the modal subspaces is ruled by 7: mÁqðtÞ þ kÁqðtÞ ¼ gü g ðtÞ where m and k are the matrices of mass and stiffness and g is the influence vector of seismic incidence in the reduced modal subspace, respectively. These are defined as 8a:
where p S ¼ ΦS ÁM S Áτ S and p P ¼ ΦP ÁM P Áτ P are the two arrays collecting the modal participation factors for S and P, respectively.
The presence of the S subsystem affects the mass, stiffness and participation factors of the P structure through the additional blocks 9a:
Furthermore, the P-S coupling is established in the reduced modal space by the out-of-diagonal block m SP , given by 10:
Viscous damping matrix Without loss of generality, the Rayleigh damping model is adopted in the following for the two subsystems. Accordingly,
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11:
where c S and c P are the corresponding damping matrices of the S and P components individually considered. These are given by 12a:
in which ζ S and ζ P are the viscous damping ratios for S and P, respectively, while α M and α K are the coefficients of proportionality for mass and stiffness, evaluated as:
where [ω I , ω II ] is the interval of circular frequencies in which the average values of ζ S and ζ P are assumed.
Furthermore, the coupling of the two subsystems and the additional damping in the P substructure are considered through c SP and c PP , respectively, given by 14:
The combined response of the P-S system is then ruled by 16: mÁqðtÞ þ cÁqðtÞ þ kÁqðtÞ ¼ gü g ðtÞ
Notably
& Modal frequencies and modal shapes of the coupled P-S dynamic system are the solution of the real-valued eigenproblem 17:
The blocks of Equations 9, 10, 14 and 15 account for the dynamic feedback between the two components, and neglecting their contribution would lead to the cascaded approximation. & Any irregularity in the P structure is accounted for by the modal matrices Φ P and Ψ SP , while the presence of the S attachment can result in further irregularities.
Numerical applications
In order to canvass the seismic response of coupled P-S systems in the presence of irregularities in the main loadresisting structure, a representative case study was numerically investigated. The results of parametric analyses are presented and discussed in this section. Figure 1 (a) shows the P-S combined dynamic system under consideration, which consists of a three-dimensional five-storey moment-resisting frame (P) multiply connected with flexible links to a multi-DoF piping system (S). The floors of the P frame are assumed to be rigid in their own plane, so as to simulate the presence of slabs. Self-weight and super-dead load are the two sources of mass, which is concentrated at the floor level for the P structure and uniformly distributed for the S subsystem. The total masses are M P = 97·9 Mg and M S = 0·3 Mg and the resulting S-P mass ratio is μ = M S /M P = 0·003, while the axial stiffness of the links is set to 277 MN/m. The fundamental periods of vibration are T P,1 = 0·421 s for the P structure and T S,1 = 0·484 s for the S piping (the latter being fixed to the ground as well as to the points of connection to P).
Modelling
In its reference configuration, the P frame is doubly symmetrical in plan and has equal storey masses, fully meeting the regularity criteria in plan and elevation, while S has an unsymmetrical geometry, as depicted in Figure 1(b) .
The number of DoF is n P = 120 for P (24 per storey) and n s = 336 for S (where a finer discretisation is required), leading to a total of n = n P + n S = 456 DoF. Only m = m P + m S = 6 + 121 = 127 modes (28%) were retained in the analysis, so that at least 90% of the modal mass for each submodel participates in the seismic motion in the direction of interest (x for all the analyses here), a criterion borrowed from current codes of practice (BSI, 2004) .
The reference values of the viscous damping ratios are ζ P = 0·05 and ζ S = 0·02, respectively, while the circular frequencies for the Rayleigh damping model are ω I = 1 rad/s and ω II = 100 rad/s, chosen as representative bounds of the energy content of the seismic input and kept constant throughout the analyses.
In order to trigger the P-S dynamic interaction for an accelerogram applied along x, the seventh mode of the
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S piping, with a large participation mass in the direction of interest, was tuned to the second mode of the P frame, which accounts for about 85% of M P in the x direction, so that T P,2 = T S,7 = 0·385 s.
3.2
Parametric study A series of linear dynamic analyses was carried out using the commercial software Sap2000 (CSI, 2007) to assemble the relevant mass and stiffness matrices and the numerical software Matlab (TMWI, 2013) to implement the CMS variant described in the previous section. The open application programming interface (OAPI) of Sap2000 was used to allow the bidirectional exchange of data with Matlab, including the model updating of the mass and stiffness matrices.
Three recorded accelerograms were used, namely El Centro 1940, Erzincan 1992 and Irpinia 1980 (see Table 1 ). These records were chosen because of their distinct characteristics (see Cecini and Palmeri, 2015) , which allow exploration of the performance of the combined P-S system under different loading scenarios and can be used to identify some general trends in the results.
The validity of the CMS was initially confirmed for the reference frame, with a fully regular configuration (Section 3.3). The effects of irregularities in the vertical distribution of the mass were then investigated by increasing in turn the mass of the second, third and fourth storey. Finally, variations in the dynamic response due to stiffness irregularities in plan were studied by varying the stiffness of the corner column, denoted by the letter A in Figure 1 (a) (Section 3.4).
The amount of irregularity applied to the P frame was quantified with two dimensionless ratios, namely the mass ratio between two consecutive storeys 18a:
and the eccentricity ratio
where e is the distance between centre of mass and centre of rigidity (c m and c r , respectively, in Figure 1(a) ) and ρ is the radius of gyration of the floor plan.
In order to allow for a fair assessment as well as maintain the P-S interaction effects, M P and T P,2 were kept constant and the tuning condition T P,2 = T S,7 was maintained, irrespective of the level of mass and stiffness irregularity.
According to the principles of performance-based earthquake engineering (fib, 2012), different S components can be sensitive to different engineering demand parameters (EDPs). In the present study, they were selected as the maximum absolute displacements in the P frame (u P ), the maximum absolute displacements in the S piping, relative to the P frame (u r S ) and the maximum absolute accelerations in both P and S submodels (ü P andü S ). Points R P and R S in Figure 1 (a) identify the 
3.3
Validation of the CMS In order to enable a fair comparison between the CMS (with m = 127 modes of vibration) and the full dynamic P-S system (with n = 456 DoF), the same value of viscous damping ratio ζ P = ζ S = 0·05 was initially assumed for the two submodels, as this allows use of the Rayleigh damping model for both the full system and the CMS (Equations 12, 14 and 15). It is evident that for the light S piping, both the CMS and cascade approximation closely match the exact response. Conversely, when the mass of the S subsystem increases, the CMS still gives accurate predictions, with only minor inconsistencies observed in the high-frequency range (ω > 65 rad/s), while the response predicted by the cascade approximation also introduces a significant inaccuracy in the low-frequency range and the fundamental frequency of vibration is overestimated.
The accuracy and computational efficiency of the CMS was also confirmed with time domain analyses, which demonstrated an average reduction of 43% in the execution time compared with the full combined dynamic system in the geometrical space.
Given the good level of fidelity and efficiency exhibited by the CMS, this model was used to investigate how irregularities in the P frame affect the coupled dynamic response of the P-S system, as detailed in the following subsection.
3.4
Effects of irregularities in the P structure Figure 3 shows the FRFs for the two scenarios under investigation (i.e. mass irregularity in elevation and stiffness irregularity in plan), in which the thick solid curves denote the reference case, without irregularities, and the curves for the higher level of irregularity are denoted with the thick dashed line, namely μ = 6 for the mass irregularity (Figures 3(a)-3(d) ) and κ = 1·2 for the stiffness irregularity (Figures 3(e) and 3(f) ).
Frequency response
Overall, the effect of irregularity is more evident on the highfrequency range, in which the different combinations of higher modes of vibration cause large fluctuations in both P and S subsystems, although the variations in the S attachment appear to be less ordered, requiring a P-S coupled dynamic analysis to quantify them. Figure 4 summarises the results obtained for the combined P-S system under investigation when dynamic analysis is carried out in the time domain and the mass irregularity is varied at different locations. Seismic response of subsystems in irregular buildings Kasinos, Palmeri and Lombardo relative to the P frame); in both cases, the results are normalised with respect to the corresponding maxima observed for the regular P frame (μ i = 1).
Displacement EDPs for mass irregularities
As shown, the mass irregularity tends to cause an overall increase of u P at lower storeys (i = 2) with the effect reversed at higher elevations (i = 4), also evident in all the three accelerograms and consistent with the FRFs (Figures 3(a)-3(d) ). Similar trends can also be seen for u S . While the details of the various curves inevitably depend on the time-frequency distribution of the energy content for each accelerogram, it is interesting to note that the EDP of the S piping appears to show similar sensitivities to the P frame to the presence of mass irregularity, suggesting that any regularity criterion assumed for the P structure could also be used for the S subsystems. In this respect, however, the 150% and 200% thresholds set for μ i by various codes of practice appear to be quite arbitrary and not necessarily associated with a significant change in the seismic response of the structure.
Overall, it appears that the relative displacements in the P structure could be used for assessing the expected performance of light drift-sensitive S subsystems, without resorting to sophisticated methods of analysis, such as the CMS used in this Seismic response of subsystems in irregular buildings Kasinos, Palmeri and Lombardo paper. Effectively, the variation in amplitude of the motion due to irregularities in the P frame results in a similar variation in the S piping.
3.4.3 Displacement EDPs for stiffness irregularities The effects of stiffness irregularities in plan are presented in Figure 5 , for both P and S components, using the EDPs u P and u S in the two orthogonal directions x (solid lines, parallel to the direction of the earthquake) and y (dashed lines, orthogonal to it). To allow for easier comparison, both responses along x and y for a given accelerogram are normalised with respect to the response of each submodel in the x direction when the P frame is regular (i.e. for κ = 0).
In this circumstance, the P and S components appear to have similar levels of sensitivity to the structural irregularity. As expected, the induced torsional vibration in the P frame means that the dynamic response orthogonal to the direction of the earthquake increases with the level of stiffness irregularity, with a maximum value of u Py = 0·35 (i.e. 35% of the corresponding response of the regular frame in the x direction) for the Irpinia 1980 record (Figure 5(e) ). Given the unsymmetrical geometry of the S piping (see Figure 1(b) ), the point R S used to evaluate the EDPs always experiences both x and y vibrations even for κ = 0 (regular P frame), in which case u Sy is about half of u Sx (Figures 5(b) , 5(d) and 5(f)).
Interestingly, for El Centro 1940 (Figures 5(a) and 5(b)), the maximum response of the S piping in the y direction can be as large as u Sy = 0·53, becoming comparable to the maximum response in the direction of the ground motion, highlighting the importance that irregularities in plan can have not only on the P load-bearing structural elements, but also on S subsystems. This also suggests that, when drift-sensitive nonstructural attachments are required for the serviceability of buildings with irregular plans, any torsional movement should be minimised if possible, and the effects on the S components should be quantified at the design stage. Figure 6 presents the maximum absolute accelerations of both P and S components due to the presence of mass irregularity While in the case of the Erzincan 1992 and Irpinia 1980 earthquakes, the curves for the two subsystems are very close for mass and stiffness irregularities, respectively (Figures 6(d) and 6(e)), this is not always true and, indeed, very different trends are observed in some cases for the P frame and the S attachment.
Acceleration EDPs for irregular frames
Additionally, the sensitivity to structural irregularities in terms of absolute accelerations increases for both P and S elements in comparison with the relative displacements, mainly because the first modes of vibration of the P structure, which are those primarily affected by irregularities in plan and elevation, contribute more to the absolute accelerations than to the relative displacements.
Although the limited number of earthquake records and the specific features of the case study do not allow general conclusions to be drawn, it appears that the enhanced sensitivity and irregular seismic response would require use of the CMS to assess the expected performance of acceleration-sensitive secondary systems.
Conclusions
A parametric study was carried out in which a convenient variant of the component-mode synthesis method (CMS) was exploited with the aim of assessing the seismic response of a secondary (S) piping subsystem multi-connected to a primary (P) multi-storey moment resisting frame exhibiting various degrees of irregularities. Within the limitation of the primarysecondary (P-S) case study and the small number of accelerograms considered, the numerical results obtained support the following conclusions.
& The CMS is an efficient alternative to the cascade approximation, as the dynamic interaction between the two components is accounted for, therefore improving accuracy in the evaluation of the seismic response. Moreover, since the modes of vibration of the P structure and S subsystem are used, the computational effort is less than the full combined model in the geometrical space. A further practical advantage of the CMS is that P and S components can be designed independently by different teams, which only need to exchange the relevant modal information to check the effects of the dynamic interaction. & For the chosen case study, mass irregularities at lower elevations tend to increase the displacements of both the P frame and S piping, while opposite effects are noted at higher storeys. The two subsystems were found to exhibit similar levels of sensitivity to irregularity, and the regularity thresholds set by various codes of practice for the mass in elevation (i.e. 150% or 200% between adjacent storeys) are not associated with any significant changequalitative or quantitative -in the seismic response of the structure, meaning that further research is needed to establish more representative regularity conditions. & Stiffness irregularity in plan, which induces torsional effects, does not always increase the relative displacements in the P frame, with a comparable level of sensitivity found for the S piping. & The absolute accelerations in P and S components reveal increased sensitivity to structural irregularities in comparison with the relative displacements.
The above observations suggest that the relative displacements evaluated for the P structure can often provide a good basis to assess the performance of light drift-sensitive S attachments, without requiring a coupled dynamic analysis, while higher sensitivity and more irregular seismic responses would benefit from the use of the CMS for S acceleration-sensitive subsystems.
Future investigations will be carried out to further improve the CMS via Mam and DyMam modal corrections (Palmeri and Lombardo, 2011) , increasing the accuracy when a reduced number of modes is retained for each of the two components. Additionally, the proposed formulation will be extended to account for uncertainties in the mass, stiffness and damping of both P and S components, as well as the random characteristics of ground shaking. 
